Chp ¢ Solving Lineor Equabims A2 <D

3.1 Elimination ond Bade Slosliiwhin
Tt A;‘-‘B ba sgskh o n qul-.w for n vmltnwm, then A? ‘-E an hove exuM’ one soluhiv 2m saluhmil o m("mild, many solukims,
“ Bractly one schukim waben ol the cohummns oF A ove indegendent, Tn this cue, the only sclatin by AZ=8 6 %20, and A has an invese mabix A”.
'Nosd\qhmw\nmcbm"a LC OPMV‘WMO“AIM o“vwdt,ﬁ 1) M‘MH‘ u-lrumntpmwp A
- TnFunilely many schlions bo AZ =0 vohen the columns of A ave ot all independent,
Eliminadion i & paccdurt 1o simplify A info o wabrix () wibhout dronging ang selahin 3 fo AZ=b. We 30 e samae Goesible) speatiom bo Wth sides of Ihe capakin. Eliminalion keeys all
slubions 3 and Geekes wo ness ones. U is an appe- hianaplar mabix.,
Sine U s upper hibugqlw, we can wie hade subskitubion o sehe U= [ , vhith gies w the solutions to A% ;g.
An nxn mebrix A has independent colunns TFF U has mep.W‘s(Aka pmiUcmwlum).
Eveny sqane mabic A vith indegtndint idhamas (fall 1ark) con ke, icduscd b & hidmgular mehix U with wawzaw pivob.
Wis dhe M\w" of elimination mabicts and A. The chiminahion mabites ae whalotr it hnkes bo qo) Ao Upper I'n"u,dv form U,
T 200 appeas in o pivel position, Sy enakiplyig by & pormalebion nahix P in oder to exthange, rows,
TF U dotm bt . piok i ey o, Ihem A Somt v Rl vk, 5 A has dndent s, T A2 <5 s infikly oy s,
A Hivplar wmabix U 1any Bl vonle. exactly whin i e dirgomal Was we 2aves,
S“Nsm”-ﬂn liminaton mabix £ ill ack on A2=b. 1f 20 appears 1 a pM* 'ﬁi}m, uie o pumhhn mabix P. This 95 ws an u".rlﬁon,ulw wotrix U and a wew njt) had
side ¢. Thn U= 2 b sohed by bad subshiubivn,
To mabte swe Hhak fh operabons of € and P on the mabix A o alo execuld on b, we con apyly € and P do the sugmentcd mabis [A 151,
The ownell eawation For eliminalim on A is PA= LU, whee L= £
Thee e ! permabation madites Pt perals the vous of nom mabices, indhuding P=T for ne reus exthanges.

0. Elimination Mabvites and Taverse Mabites
The basic e.\imhnqhh Skp WM a mnﬁﬂb K;j of q)u‘ﬂh J fvom quah\m ("
The mabix A @ invertible it A" st A'A=AA"=T.
Progertios o Laveses:
* The invese exishs TFF climinalin produes 1 piwb (o\hulg v mlwgw). Climinakan solvts AZ=D withodt exphiity wsing A
* The invese of o mabix A s anigpe. T8 BA=T and AC= T, then by bhe asovalivc b, BAQ=(BAC #BL=1C 2 B=C.
“TE A s inverkible, Hun the. one aud saly solvbon to A<D is 2:A" D To see o, e AZ-B 2 A'AZA"B 2 T2:A"F23:A7G,
* Suppese thee is o nonzeo vedv 3 sk Af‘s, Then A hes dogeadeat column, 50 A comnel hat an invese,
s TR A & inverkible, thon A%=8 has only Hhe 200 shbin £2A"3 =,
‘A swm\m is invertlole TFF ids colums ave ihw.
*A A2 mabix & inverdible TFF the mmber ad-be 20 [t : -I"a;—bo ‘t _:]. The number ad~ b is the dekrminant of A, A mahex i ine-hde if dHAYZ0.
* A bimuler mahix has an inese paviled wo dingonal enlries d; ave 2o
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TF A and B (same 52) o inverkible, then he inversc of AB is (AB)'= B~ A"
For square matiices, an invese on ove side (ie., AB=T) is aubmakitally an invese on Hhe obhar side Cie,, BA=T),
E b e poducd oF all the liminghivn madrices Ei5, Yoking A into ik upper brimngulr fm EA UL Asam For nove that o vous oxchianges we imabed i, P=3). Mulkiphying all $he

sepuake b\ihimhlln sheps by Ige} E» himg. Leks Jook Ia} the n=% case
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975 Mabix Compalalivn and A=LU

To Fird the invene of an ey mabrix A, we augment i+ by 1 and wie Gouss-Jovdan climinalim b go from [A lI] b [I l Al]

Redacing A to Ul reqpics abouk Fn” mulkiplicakions omd 5 n” subbockiom,

Groing from B 4o 2 veqgies 1 mulliplidins and - suobachins,

Key veason why R=LU: b pivot vous that at sulobacdd from bver ous aent aliags e oninel vous of A becaus eliminlion provololy chonged them. Bk Hhese piat s o rores of U,
becas pivwh rows pever changs aguin. Tn the 33 case, o B of U is (R of A)- Ly (Rows 1 of UD=Ssa(Ro A oF U, Rewriking Hois, e can sec Hoad Hhe rous (9, 15 1] s
m\}ipl.,p,.’ Phe malvix U‘- (V-w?)op A)‘-lu(kw 1 of u)"’.!u(kw 2.of \D'(Kw 4 U) This i (.m“y e ’509 A‘W “A‘} wow of L holds Qu,q'u,l. All vous loode (e,
s, whalorer tae size. of A. Wikh wo wows exchangss, e hee A=LU,

See Yook puge 60 B o secad prod Ml A LU,

A= LU s ponible with no s exchangis (P<T) and we 2005 in Hhe pivohs if for le=1,... 1, oll upper IePF submabiics of A e inverible,



2‘4 Permuhhm a»’ Tnnsp.m

Permataltion mabrites P suap the vous of malices, Pernuhikim wabrites has 0 L in ereay row aed a L in vty cobumn, and all othar embries ave zow.
Half of . ! pormaladims of 5ize 1 are even, and Walf s 0dd. A even gornewlativn needs an et ¥ of simple v exchanges Jo reach T,
Properics f Permatalivn Mabices:

“The w o agyeor in n different rous ond 0 Aiffereal cohamns of P,

“The ot of P ove orthogenal: dot pedachs bekiscen cohurns ae all zaro.

“The pedudk PPy of permubndions i o permealiv. The invese of a pormubabim s also o yormutnbion,

“TEA D iverkiole, thae B a permuhibion P to ader ibs 1ous in advame, 53 that chiminakion on PA meeks e zesow in e pivol posihims. Then PA = LU,

Elimination can of kn succeed, even whin o 20 agpeass in Hhe pivol i«»\tm We jusk malkigly A by an appeprinke pzm-hhm nahix P Jo suap the yous.
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The hromspose A is the mabix whost cohamus ave the vows of A, (A A
Pnpo-hm € W=

“The bampose o A+B is (A+6)"=A"+07

* The honyme of AB 5 (AB)"=B"A"

The bavgos o A" (A7)'< (A7),
AR wombing the woluming of A, whike VY wambines the s of A",
Tawspoe of invene: A'A=T is hossywed bo AT(A D!
The 3ok produck finnerr produck of ¥ and § is X g, ubih 9 1x] and Hherefore o scaler,
The ronk. ove pm‘u)/oukr pdm) of % uﬂ i$ fg , whith i an nxXi matrix,
AT s Yhe mabiv sach It (A2)'G =57 (A7 *)
A waknk Se S,m\nl. 19 S 25, % elm $:%55;.
The inverse. o a symmehiz mabix i3 o s,melm mabi, (§)=(57)"= 6!
For amg mabix A, fhe poduck 5= A"A & & sagumc sypmmchis mabix: bhe bansyese of A7A s AT(A)"= A'A, The. mabix A" i alw symmehvic, bat AR"#ATA.
Symmediic mebites ke, eliminadin hoite as Eask. The symmetng & in the biple produdk S=LOLY, The dingoval mabi D of pivels can be divided mlf b kave Uz,
For o edunguler A, e saddle-poink mabix S=‘:§1 gl' ST 5 symmehic. TF hos blok Prdovizekim 9=L0L"< I 0 (:T A?A
S is inedille € ATA i imedible &2 A 40 whonensr 720,



