
 
Chp2SolvingLinearEquationsAIB
21EliminationandBackSubstitution
IfAxB̅isasystemofnequationsfornunknownsthenAx ̅5canhaveexactlyonesolutionx ̅nosolutionsorinfinitelymanysolutions
ExactlyonesolutionwhenallthecolumnsofAareindependentInthiscasetheonlysolutiontoAEBis OandAhasaninversematrixA
Nosolutionwhen5isnotaLCofthecolumnsofAInotherwords5isnotinthecolumnspaceofA
InfinitelymanysolutionstoAi8whenthecolumnsofAarenotallindependent

EliminationisaproceduretosimplifyAintoamatrixUwithoutchanginganysolutionxt̅oAEbWedothesamereversibleoperationstobothsidesoftheequationEliminationkeepsa
solutionsxa̅ndcreatesnonewonesUisanuppertriangularmatrix

SinceUisuppertriangularwecanusebacksubstitutiontosolveUP8 whichgivesusthesolutionstoAIB
AnnonmatrixAhasindependentcolumnsIFFUhasanonzeropivotsafterpossiblenowexchanges
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columnsfullrankcanbereducedtoatriangularmatrixAwithnonzeropivots
tricesandATheeliminationmatricesarewhateverittakestogetAintouppertriangularformU

IfzeroappearsinapivotpositiontrymultiplyingbyapermutationmatrixPinordertoexchangerows
IfUdoesn'thaveapivotineverycolumnthenAdoesn'thavefullranksoAhasdependentcolumnsThereforAP0hasinfinitelymanysolutions
AtriangularmatrixUhasfullrankexactlywhenitsmaindiagonalhasnozeros
SummaryaneliminationmatrixEwillactonAEBIfzeroappearsinapivotpositionuseapermutationmatrixPThisgivesusanuppertriangularmatrixUandanewrighthand
sidecThenUI Eissolvedbybacksubstitution
TomakesurethattheoperationsofEandPonthematrixAarealsoexecutedon5wecanapplyEandPtotheaugmentedmatrixA 5
TheoverallequationforeliminationonAisPALUwhereLE
Therearen permutationmatricesPthatpermutetherowsofnonmatricesincludingP Ifornorowexchanges

2.2EliminationMatricesandInverseMatrices
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Supposethereisanonzerovectorxs̅.t.AEPThenAhasdependentcolumnssoAcannothaveaninverse
IfAisinvertiblethenAIBhasonlythezoosolution A_80

Iflymight This I thehimselfgift I adobe.lt ThenumberadbeisthedeterminantofAAmatrixisinvertibleifdelta 0
Atriangularmatrixhasaninverseprovidednodiagonalentriesdiarezero
If a1 I thenA I
I L iit.it ti.et.taiE iittisi ikintheothersina.e.sa.is
EistheproductofalltheeliminationmatricesEitakingAintoitsuppertriangularformEAUAssumefornowthatnorowexchangesareinvolvedi.eP I Multiplyingallthe
separateeliminationstepstogetEismessyLet'slookatthen3case
EEventif I It t kidianinit
ButE I If f Lwhatismanensin

FIFIThe I AweaugmentitbyIanduseGaussJordaneliminationtogofromA I to I A
ReducingAtoUrequiresabout nmultiplicationsandin subtractions

GoingfromBtoErequiresnmultiplicationsandn subtractions
KeyreasonwhyALUthepivotrowsthataresubtractedfromlowerrowsaren'talwaystheoriginalrowsofAbecauseeliminationprobablychangedthemButthesepivotrowsarerowsofU

becausepivotrowsneverchangeagainInthe33casenow3ofUisRow3ofA lsRow1ofULsaRow2ofU Rewritingthiswecanseethattherowlala1 is
multiplyingthematrixU Row3ofA L Row1ofU InRow2of4 Row3ofUThisisexactlynow3ofALUThatrowofLholdslala1Allrowslooklike
thiswhateverthesizeofAWithnonowexchangeswehaveALU

Seetextbookpage60forasecondproofthatALU
ALUispossiblewithnonowexchangesP I andnozerosinthepivotsiffork l nallupperleftsubmatricesofAareinvertible



2.4PermutationsandTransposes
PermutationmatricesPswaptherowsofmatricesPermutationmatriceshavea1ineverynowanda1ineverycolumnandallotherentriesarezero
HalfofthenpermutationsofsizenareevenandhalfareoddAnevenpermutationneedsanevenofsimplenowexchangestoreachI
PropertiesofPermutationMatrices
ThenonesappearinadifferentrowsandndifferentcolumnsofP
ThecolumnsofPareorthogonaldotproductsbetweencolumnsareallzero
TheproductPPofpermutationsisapermutationTheinverseofapermutationisalsoapermutation
IfAisinvertiblethereisapermutationPtoorderitsrowsinadvancesothateliminationonPAmeetsnozerosinthepivotpositionsThenPA.LU

EliminationcanoftensucceedevenwhenazeroappearsinthepivotpositionWejustmultiplyAbyanappropriatepermutationmatrixPtoswaptherows
IfA andP thenPA onlyhasrowsswappedButcolumnpermutationQ fgivesPAQ withcolumnsswapped
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whosecolumnsaretherowsofACA Ai

ThetransposeofABisAB A B
ThetransposeofABisAB BA
ThetransposeofA isCA1 AT
Ax ̅combinesthecolumnsofAwhilexA̅combinestherowsofA
TransposeofinverseAA I istransposedtoA A1 I
Thedotproductinnerproductofxa̅ndyisx'̅swhichis11andthereforascalar
Therankoneproductouterproductofxa̅nd5isiswhichisanmxnmatrix
AisthematrixsuchthatAi I x ̅Atg
AmatrixSissymmetricif55Soeverys si
TheinverseofasymmetricmatrixisasymmetrixmatrixS1 5 5
foranymatrixAtheproductSAAisasquaresymmetricmatrixthetransposeofATAisAtA AAThematrixAAisalsosymmetricbutAATATA
SymmetricmatricesmakeeliminationtwiceasfastThesymmetryisinthetripleproductSLOLThediagonalmatrixDofpivotscanbedividedouttoleaveUL
forarectangularAthesaddlepointmatrixs f StissymmetricIthasblockfactorizationSLOL Aff
Sisinvertible AAisinvertible AI0wheneverI 0

2.5DerivativesandfiniteDifference


